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Nomenclature

Ak = area of a cell face normal to the kth
direction, m2

a = weighting factor in the temperature
distribution

b = source term in discretization equation,
W=�sr � �m�

D = direction cosine integrated over the solid
angle

e = blackbody emissive power, W=�m2 �
�m�

f = function of gas temperature variation
i = radiation intensity, W=�m2 � sr � �m�
L0 = side length, m
Np = species of particle sizes
N! = total number of directional angle
n = unit normal vector
q = radiative heat flux, W �m�2

R = radius, m
r = radial distance, m
Sc = line intensity
s = vector defining a direction
T = temperature, K
T0 = reference temperature, K
V = volume, m3

w = weighting factor
X = spatial coordinate, m

Z = axial length, m
� = scattering coefficient, cm�1

� = extinction coefficient, cm�1

�! = solid angle interval, sr
� = line spacing in Eq. (10), cm
" = emissivity
� = zenith angle, deg
# = scattering albedo
� = absorption coefficient, cm�1

� = wave number, cm�1

� = density, kg=m3

	 = Stefan–Boltzmann constant
� = scattering phase function
’ = azimuthal angle, deg
� = scattering phase function averaged on

the incoming and outcoming solid angle
r� = divergence

Superscripts

0’ = direction of incoming radiation
� = nondimensionalized parameter

Subscripts

b = blackbody
c = centerline
e = exit
g = gas
k = spectral band index
n = normal to a surface
P, W, E, N, S, R, F = control volume index
p = particle
w = boundary
� = wave number

Introduction

A CCURATE calculation of radiative transfer is of great
importance for predicting heat transfer in a combustion system

filled with high-temperature gas and particles. Therefore, several
methods have been developed to solve the radiative transfer equation
in irregular geometry containing emitting, absorbing, and scattering
media, such as the finite volume method [1], the discrete ordinates
method [2], flux [3], and moment [4] methods.

One of the important issues for radiative heat transfer in a
combustion system is the description of the radiative properties of the
media gases, which is a mixture of many gases and particles. The
models used for defining the radiative properties of combustion gases
in radiation calculations can be roughly sorted into three groups [5]:
1) spectral line-by linemodels, 2) spectral bandmodels, and 3) global
models. Among thesemodels, the weighted sum of gray gasesmodel
(WSGGM), which replaces the nongray gas behavior by an
equivalent finite number of gray gases, has become a highly
attractive and practical choice to be used in full modeling of gases
and particles. Since Hottel and Sarofim [6] developed this concept in
the context of the zonal method, it has been applied to examine the
effects of the radiation of spray combustion systems [7] and gas-fired
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furnaces [8]. Smith et al. [9], Coppalle and Venisch [10], and others
have investigated the weighting factors required for the WSGGM.

The purpose of this work is to theoretically derive the relationship
between the weighting factors used in the WSGGM for a mixture of
nongray gases and nongray scattering particles, and to develop a new
3-D emitting, absorbing, and scattering media mathematical model
and computer code for radiation, based on the coupling of the finite
volume method (FVM) and theWSGGM. This work also developed
a model that avoids the drawbacks of spectral line and band gas
models.

Mathematical Formulation

Applying the weighted sum of gray gases model, the radiative
transfer equation (RTE) becomes [11]

dik�s�
ds

����g;k � �p;k � �p;k�ik�s� � wg;k�g;kib;g �wp;k�p;kib;p

� �p;k
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Z
4


��s; s0�ik�s0� d! (1)

where k is an arbitrary spectral band. The corresponding weight
factors for gas and particles, as a function of temperature and
position, are represented by [11]

wg;k �
R
��k

eg;b��Tg;�� d�
eg;v�Tg�

(2)

The subscript g can be replaced by p for particle. Modest and Zhang
[5] have shown that the WSGGM can be used with any solution
method, replacing the nongray medium by an equivalent number of
gray media with corresponding absorption coefficients.

The FVM has been used to solve the RTE in this paper. In the
FVM, spacewithin the interior of the domain of interest is subdivided
into discrete nonoverlapping volumes, and a single node is located
centrally within each volume. The final discretized equation, which
couples the finite volume method with the weighted sum of gray
gases model for a general control volume and control angle, can be
written as [12]

aPiP;k � aWiW;k � aEiE;k � aSiS;k � aNiN;k � aRiR;k � aFiF;k � b

(3)

where
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The boundary condition at a gray diffuse wall with a prescribed
temperature can be written as

iw;��s� � "wibw;� �
�1� "w�




Z
s0 �n<0

iw;��s0�s0 � nw d!0 (9)

The radiative heat flux on a boundary surface can be calculated by
integrating radiative intensity

q�
Z 1
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d� (10)

The solution of Eqs. (3–10) is based on evaluating spectral optical
properties of gases. This work is done for a mixture ofCO2 andH2O
and particles. The absorption coefficients for CO2 and H2O used in
the WSGGM are calculated by the narrrow-band model [11], which
is based on spectral calculations. The Elsasser narrow-band model is
used in conjunction with the correlation parameters in Edwards’
wide-band model, which is given as follows [11]:

�� �
Sc

�

sinh�
�=2�
cosh�
�=2� � cos�2
�� � �c�=��

(11)

The spectral optical properties of particles could be computed by
Mie theory, which can be found in [11].

Test Cases

One test case is defined for the three-dimensional rectangular
enclosure. The enclosure is filled with gray, absorbing, emitting, and
scattering media with gray and diffuse walls. Results are given in

nondimensional quantities such as: �i� i=4	T4
0 , �q� q=	T4

0 , where
T0 is the reference temperature. The optical coefficients are
nondimensionalized as: ��� �L0, ��� �L0. The scattering phase
functions used in the anisotropic scattering problems are those given
by Kim and Lee [13] and shown in Fig. 1, where F1 and F2 are
forward scattering phase functions whereas B1 and B2 are backward
scattering. Another case is a cubic enclosure with side length L0,
which is filled with an isothermal medium at temperature T0, and
absorbs, emits, and scatters anisotropically. The walls of the
enclosure are cold at 0 K and black.

The last case is taken from Liu’s paper [14]. Those results,
obtained by the statistical narrow-band (SNB)model, are considered
as the most accurate and are used here as the benchmark. There are
three test cases in [14]. To verify the mathematical model and
computer code developed herein, a comparison was performed
against case 3. In that case, the medium composition is a uniform gas
mixture of 10% CO2, 20% H2O, and 70% N2 on a molar basis. The
temperature field of the gas is nonuniform and symmetric about the
centerline of the enclosure. The temperature can be obtained from the
expression T � �Tc � Te�f�r=R� � Te, where Tc is the gas
temperature along the centerline of the enclosure and Te is the exit
temperature. The centerline temperature Tc increases linearly from
400 K at the inlet Z� 0 to a maximum value of 1800 K at Z�
0:375 m and then decreases linearly to 800 K at the exit Z� 4 m.
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Fig. 1 Scattering phase functions formed by Legendre series.
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Inside the enclosure, a circular region or a cylinder around the
centerline can be imagined, where the radius of the cylinder is
R� 1 m. The variation of gas temperature within the circular region
of the enclosure’s cross section is given by the equation
f�r=R� � 1� 3�r=R�2 � 2�r=R�3, where r is the distance from
the centerline of the enclosure. The gas temperatures outside the
circular region, i.e., between the cylinder with radius R� 1 m and
thewalls of rectangular enclosure, were defined as uniform and equal
to the value of the exit temperature Te � 800 K.

Numerical Prediction

Figure 2 shows the radiative heat flux �q along a line which is from
the origin through the point �L0; L0=2; L0�, assuming isotropic
scattering. The extinction coefficient � and the scattering albedo
#� �=� are 1 and 0.5, respectively. The results from the FVMwith
the WSGGM are compared with those of the Monte Carlo method
without scattering. The results from theMonte Carlomethodwithout
scattering are higher than those of the FVM with the WSGGM. The
reason is that more energy is dissipated within the media before
reaching the boundary when particle scattering is considered in the
FVM. This is in accordance with the results in [15], in which the
parameter i�#�=i�0� of a uniform planar medium decreases from 1 to
0 when # increases from 0 to 1.

Figure 3 shows the incident radiation along the centerline of the
enclosure �X;L0=2; L0=2� for different scattering phase functions
and two wall emissivities, 1 and 0.5. The walls are cold at 0 K and
reflect radiation diffusely. The extinction coefficient � and the
scattering albedo #� �=� are 2 and 0.5, respectively. Note that the
incident radiation shows strong dependence on the scattering phase
function. The maximum difference occurs at the location of the
maximum incident radiation near the center of the enclosure. The

forward scattering medium gives lower incident radiation than the
isotropically scattering medium, which again gives lower incident
radiation than the backward scattering medium. The backward
scattering medium tends to block the transfer of radiative energy to
the walls and absorbs more energy. One can also note that the
incident radiation increases and becomes spatially flatter as the
emissivities decrease in Fig. 3. The differences among the solutions
with different scattering phase functions also decrease as the wall
emissivities decrease, because the diffuse reflection at thewalls tends
to compensate for the effect of anisotropic scattering.

Figures 4 and 5 show the effect of anisotropic scattering on the
radiative heat flux and incident radiation as the optical thickness
varies. The extinction coefficient � is assumed to be 1, 2, and 10,
whereas the scattering albedo # is fixed as 0.5. Figure 4 shows the
radiative heat flux �q along the line �X; L0=2; L0�. The effect of
anisotropic scattering is negligible when � is equal to 1, whereas
some variation due to the different scattering phase functions is
shown when � is equal to 2. The effect of anisotropic scattering
causes significant variation in the radiative heat flux when � is equal
to 10. Figure 5 shows the incident radiation along the line
�X;L0=2; L0=2�. Note that anisotropic scattering affects the incident
radiation at lower optical thickness more than for the radiative heat
flux in Fig. 4. This is because the scattered radiation contributes to an
increase in the incident radiation, whereas the scattering may
increase or decrease the radiative heat flux according to the
propagation direction after scattering.

For test case 3, the predictions are shown in Figs. 6 and 7. Figure 6
shows the radiative heat source along centerline �L0=2; L0=2; Z�

Fig. 2 Nondimensional radiative heat flux for test case 1.

Fig. 3 Effect of anisotropic scattering and wall emissivity on incident

radiation, test case 2.

Fig. 4 Effect of anisotropic scattering on radiative heat flux for

different optical thicknesses.

Fig. 5 Effect of anisotropic scattering on incident radiation for

different optical thicknesses.

J. THERMOPHYSICS, VOL. 21, NO. 1: TECHNICAL NOTES 241



predicted by the FVM with the WSGGM as well as the results
calculated by ray tracingwith the SNB [14] and the discrete ordinates
method (DOM) with the WSGGM [16]. Figure 7 gives the incident
heat flux along �L0; L0=2; Z� predicted by the FVM with the
WSGGMaswell as the results calculated by ray tracingwith the SNB
[14] model and the DOM with the WSGGM [16].

It can be seen from Fig. 6 that the prediction of the radiative heat
source obtained by the FVM with the WSGGM are very close to, or
almost identical to, the results obtained from the DOM with
WSGGM [14]. This could be expected because the DOM and the
FVMare very similarmethods. Figure 7 shows that the predictions of
heat flux calculated by the FVMwith theWSGGM and by the DOM
with the WSGGM [14] are close to each other.

Conclusions

A new mathematical model and computer code have been
developed which couple the FVM and the WSGGM for radiative
transfer in emitting, absorbing, and scattering media. The physical
and mathematical concepts of the model were roughly presented.
Two cases were presented for 3-D rectangular and cylindrical
enclosures. The predictionswere compared to the results found in the
literature, which showed good agreement with each other.

Radiative heat flux from a mathematical method without
scattering is slightly higher than that from themethodwith scattering.

The forward scattering media give lower incident radiation than the
isotropic scattering media, which again give lower incident radiation
than the backward scattering media. As the wall emissivities
decrease, the incident radiation increases and becomes spatially
flatter, and the differences among the solutions with different
scattering phase functions decrease also.

The WSGGM can avoid a large quantity of work needed to
compute spectral lines and bands by an equivalent finite number of
gray gases. The FVM is now widely used to solve the radiation
transfer equation in emitting, absorbing, and scattering media. By
coupling the WSGGM and the FVM, a new convenient method for
predicting radiative transfer in combustion systems has been
established.
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Fig. 6 Predictions of radiative heat source for test case 3.
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Fig. 7 Predictions of radiative heat flux for test case 3.

242 J. THERMOPHYSICS, VOL. 21, NO. 1: TECHNICAL NOTES


